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Bogoliubov approach to superfluid-Bose glass phase transition of a disordered
Bose-Hubbard Model in weakly interacting regime
Botao Wang1 and Ying Jiang1, 2, ∗
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We investigate the disorder effect on coherent fraction and the quantum phase transition of ultra-
cold dilute Bose gases trapped in disordered optical lattices. Within the framework of Bogoliubov
theory, an analytical expression for the particle density is derived and the dependence of coherent
fraction on disorder strength as well as on lattice depth is discussed. In weak disorder regime, we
find a decreased sensitivity of coherent fraction to disorder with the increase of on-site interaction
strength. For strong disorder, the quantum phase boundary between superfluid phase and Bose glass
phase in the disordered Bose-Hubbard system in weak interaction regime is discussed qualitatively.
The obtained phase diagram is in agreement with the empirical square-root law. The dependence
of the corresponding critical value of the disorder strength on optical lattice depth is presented as
well, and may serve as a reference object for possible experimental investigation.
PACS numbers: 67.85.-d, 64.70.Tg, 03.75.Lm
I. INTRODUCTION
The appearance of ultracold quantum gases in optical
lattices opens a new chapter in mimicking the condensed
matter systems [1]. Because of the unprecedented level
of control and precision, such a so-called quantum simu-
lator turns out to be an ideal tool in studying disordered
systems [2, 3]. Nowadays, it is routinely possible to cre-
ate systems of ultracold atoms in different optical lattices
[1–4] since the remarkable experimental work by Greiner
et al. [5] in which the quantum phase transition from the
superfluid (SF) to Mott insulator (MI) was first observed.
When disorder is introduced, there emerges a new phase,
i.e. Bose glass (BG, quasi-superfluid puddles embedded
in an MI insulating background) [6]. Even though dis-
order, or pseudo-disorder can be realized in optical lat-
tices in different ways [7–12], directly observing such BG
phase in disordered lattice systems has been a big chal-
lenge [10, 12–14]. Only recently has it been reported
that the phase transition of SF-BG can be detected in
three-dimensional (3D) optical lattices by measuring the
amount of excitations generated by quench [15], while the
probe of SF-BG in 2D disordered optical lattices (to our
knowledge) is still on the way.
Theoretically, a system with ultracold bosons trapped
in optical lattices is often described by Bose-Hubbard
model (BHM) with the disorder encrypted in the on-
site potential [6, 16]. Hitherto, a variety of sophisti-
cated methods have been applied in this study, including
density-matrix renormalization group techniques, local
mean-field approximation, stochastic mean field theory,
strong coupling expansion, quantum Monte Carlo sim-
ulation as well as local mean-field cluster analysis (for
references see Ref.[17] and references therein). Most of
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the efforts, however, have been only devoted to the phase
transition problem in strongly interacting regime, and
little attention has been paid to a disordered Bose gas
in lattice systems with weak interaction, where a phase
transition from SF to BG can also occur when disor-
der strength is large enough [17–19]. Not only numeri-
cal methods face with a big challenge in properly reveal-
ing the phase boundary of SF-BG in weakly interacting
regime because of the finite size effect [19, 20], but a
rigorous analytic investigation of the phase diagram in
such a regime is still missing so far, except for an empir-
ical square-root law estimation in 2D [19] that has been
proposed in some way analogous to the disordered con-
tinuum (without optical lattices) case [21]. Thus, it is
highly desirable to have a further exploration in the SF-
BG phase transition of weakly-interacting Bose gases in
disordered optical lattices.
In this work, we shall address this phase transition
problem within the framework of Bogoliubov theory.
Considering its extensive applications and validity in
weakly interacting systems [22–37], we extend Bogoli-
ubov theory from the clean lattice system [38] to the dis-
ordered case and study the effect of disorder on the coher-
ent fraction of dilute ultracold Bose gases (i.e. the frac-
tion of particles with zero momentum [39–42] ). We find
that, in contrast to the clean system, Bogoliubov theory
does have the potential to capture the disorder-induced
SF-BG phase transition in weak interaction regime in dis-
ordered lattices. To this end we give a quantitative de-
scription of the dependence of coherent density on weak
disorder and a qualitative picture of the SF-BG phase
boundary in strong disorder regime.
The structure of the paper is as follows. After in-
troducing the disordered Bose-Hubbard Hamiltonian, we
perform the Bogoliubov transformation and give the an-
alytic expression of the particle density in Section II. In
Section III, we investigate the disorder effect on coherent
density and the SF-BG phase diagram by evaluating the
dependence of coherent fraction on the the strength of
2disorder. In section IV we relate our theoretical results
to the last 3D experimental data, and show our predic-
tions in 2D systems, which is hoped to be a reference
object for future experimental study in 2D. Finally, we
summarize our results in section V.
II. THE MODEL AND BOGOLIUBOV THEORY
An ultracold dilute Bose gas in a disordered optical
lattice can be depicted by the following disordered Bose-
Hubbard Hamiltonian [6, 16, 17]
HˆBH = −t
∑
〈i,j〉
aˆ†i aˆj +
U
2
∑
i
aˆ†i aˆ
†
i aˆiaˆi −
∑
i
(µ+ ǫi) aˆ
†
i aˆi
(1)
where aˆi and aˆ
†
i are bosonic annihilation and creation
operators at site i, satisfying the canonical commutation.
t is nearest-neighbor hopping parameter, U represents
the on-site repulsive interaction strength and µ is the
chemical potential. ǫi describes the random potential,
which is assumed to be uniformly distributed between
[−∆,∆] and spatially uncorrelated
ǫi = 0, ǫiǫi′ =
∆2
3
δi,i′ (2)
where · · · stands for the disorder ensemble average and
∆ denotes the disorder strength.
After performing Fourier transformations for the op-
erators aˆi = (1/NS)
1/2∑
k
aˆke
−i·k (also for its corre-
sponding conjugate) and the random potential ǫi =
(1/NS)
1/2∑
k
ǫke
−i·k, the Hamiltonian Eq. (1) can be
rewritten in momentum space as
Hˆ =−
∑
k
(
2t
d∑
l=1
cos akl + µ
)
aˆ†
k
aˆk
+
U
2
1
NS
∑
k1,k2,k3,k4
aˆ†
k1
aˆ†
k2
aˆk3 aˆk4δk1+k2,k3+k4
− 1√
NS
∑
k1,k2,k3
ǫk1 aˆ
†
k2
aˆk3δk2,k1+k3 , (3)
NS is the number of lattice sites, a is the lattice constant,
d denotes the dimension and i represents the coordinate
of site i. Near absolute zero temperature, the number
of atoms with zero momentum N0 becomes macroscop-
ically large, which allows the Bogoliubov prescription
aˆ0 ≃ aˆ†0 ≃
√
N0 [22]. In such a case, retaining all terms
up to second order in aˆ†
k
, aˆk and ǫk yields
Hˆ =
(
U
2
n0 − 2dt− µ
)
N0 +
∑
k 6=0
Akaˆ
†
k
aˆk
+
U
2
n0
∑
k 6=0
(
aˆ†
k
aˆ†−k + aˆkaˆ−k
)
−√n0
∑
k 6=0
(
ǫkaˆ
†
k
+ ǫ−kaˆ
†
k
)
, (4)
where we have introduced for brevity
Ak = 2Un0 − µ− 2t
d∑
l=1
cos akl. (5)
Note that the particle density with zero-momentum
n0 = N0/NS should be called coherent density [39–42],
which is linked with the long-range phase coherence of
the whole system∗. In inhomogeneous system, the con-
densate consists of coherent particles (k = 0) plus the
glassy ones (k 6= 0, also named as deformed condensates)
[33, 40–42]. Thus the population of zero-momentum can
not be used to determine the condensate fraction in sys-
tems in absence of translation invariance [39–43]. The
calculations of condensate fraction and condensate de-
pletion can be performed via, for example, an inhomoge-
neous Bogoliubov theory developed by Gaul and Mueller
[27, 33, 40]. In our present work, however, we focus on
investigating the behavior of coherent particles by means
of a different technique, which in the end gives us some
hints of the SF-BG phase transition in weakly-interacting
regime.
The above Hamiltonian (4) can be diagonalized by the
inhomogeneous Bogoliubov transformation [23, 26]{
aˆ†
k
= ukbˆ
†
k
− vkbˆ−k − zk
aˆk = ukbˆk − vkbˆ†−k − zk.
(6)
This transformation to new operators bˆ†
k
(bˆk) should
preserve canonical commutation relations, which gives
u2
k
− v2
k
= 1. A calculation along the standard proce-
dure leads to the following Bogoliubov parameters
v2
k
=
1
2
(
Ak
Ek
− 1
)
, u2
k
=
1
2
(
Ak
Ek
+ 1
)
, (7)
zk =−
√
n0
Ak + Un0
ǫk, (8)
and the Bogoliubov spectrum
Ek =
√
A2
k
− (Un0)2. (9)
In the end, the diagonalized Hamiltonian reads
Hˆ =
(
Un0
2
− 2dt− µ
)
N0 +
1
2
∑
k 6=0
(Ek −Ak)
−
∑
k 6=0
n0
Ak + Un0
ǫ2k +
∑
k 6=0
Ekbˆ
†
k
bˆk. (10)
∗ The condensate fraction is defined as the largest eigenvalue of the
one-body density matrix ρij =
〈
aˆ†i aˆj
〉
[43–45], and the coherent
density can be defined from the off-diagonal long-range order
of the one-body density matrix, i.e. n0 = lim|i−j|→∞ρij [39–
42]. The difference between these two concepts in inhomogeneous
systems was proposed by Penrose and Onsager [43] and further
clarified by Mu¨ller and Gaul [40, 41]. See also [39] for elaborate
Monte Carlo simulations.
3By now, the grand canonical-potential Ω can be ob-
tained straightforwardly according to the definition Ω =
−β−1 lnZ, where Z = Tre−βHˆ is the grand canonical
partition function and β = 1/ (kBT ) is the reciprocal
temperature with kB being Boltzman constant. Since
the grand canonical potential changes with each realiza-
tion of disorder, we obtain the following thermodynamic
potential by performing the disorder ensemble average
Ω =
(
Un0
2
− µ− 2dt
)
n0Ns +
1
2
∑
k 6=0
(Ek −Ak)
− ∆
2
3
∑
k 6=0
n0
Ak + Un0
+
1
β
∑
k 6=0
ln
(
1− e−βEk) (11)
where ǫk = 0, ǫ2k = ∆
2/3. The above expression indi-
cates that the grand canonical potential contains mean-
field result (the first term on the right-hand side of
the above expression), quantum fluctuation (the second
term), contribution from disorder (the third term) and
thermal fluctuation (the last term).
With the help of the thermodynamic relation n =
− (1/NS) ∂Ω/∂µ, we get a general expression of particle
density in the framework of Bogoliubov theory
n = n0 + nI + nT + nR, (12)
which contains the coherent density n0, the coherent de-
pletion due to the on-site repulsive interaction
nI =
1
2
1
NS
∑
k 6=0
(
Ak
Ek
− 1
)
, (13)
the temperature induced depletion
nT =
1
NS
∑
k 6=0
1
eβEk − 1
Ak
Ek
, (14)
as well as the contribution coming from the random po-
tential
nR =
∆2
3
1
NS
∑
k 6=0
n0
(Un0 +Ak)
2
. (15)
From Eq. (5), we see that the chemical potential
µ is included in the expression of Ak. Hence, in or-
der to go further to discuss the behavior of the particle
density, the chemical potential needs to be determined
first. By minimizing the grand canonical potential Ω in
Eq. (11) with respect to the coherent density n0, i.e.
(1/NS) ∂Ω/∂n0 = 0, we have the chemical potential to
the lowest order [38]
µ = Un0 − 2dt, (16)
which makes the Bogoliubov spectrum (9) gapless in
long-wavelength limit k→ 0, accordant with the Nambu-
Goldstone theorem [46, 47]. After taking the continuum
limit [38], we finally obtain the particle density expres-
sion of disordered lattice systems at zero-temperature
n = n0 + nI + nR, (17)
nI =
1
2
d∏
l=1
∫ pi/a
0
dkl
( a
π
) Un0 + tk√
tk (2Un0 + tk)
− 1
2
, (18)
nR =
∆2
3
d∏
l=1
∫ pi/a
0
dkl
( a
π
) n0
(2Un0 + tk)
2
, (19)
where we have introduced tk = 2dt − 2t
∑d
l=1 cos akl for
simplicity. Note that when disorder is set to be zero
(∆ = 0), our result exactly reduces to that obtained in
clean lattice systems [38]. Recently, the finite tempera-
ture effect in Eq. (14) in clean cases has also been dis-
cussed [34]. In the following, we will focus on the disor-
der effect on the coherent density in the zero temperature
limit.
Before some further discussions, we remark here that
to arrive at Eq. (4), we have neglected the third and
forth order terms of aˆ†
k
(aˆk), which represent high-order
interactions of excited particles. Hence we will focus
on the weakly-interacting regime where the on-site in-
teraction is small enough for the Bogoliubov approxi-
mation to be valid (though large enough to make the
one-band Bose-Hubbard model still work [29, 48, 49]).
At the same time, the disorder-related high-order terms
ǫk1 aˆ
†
k2
aˆk3 with k1,k2,k3 6= 0 have also been discarded,
so we expect that BT is rigorously valid in weak disorder
region. However, since there is only one term related to
disorder among all the discarded high-order ones, there
might be a possibility that the disorder strength may
not need to be too weak. Thus we would like to con-
sider strong disorder as well. In fact, the first attempt to
study the properties of highly-disordered Bose conden-
sates using Bogoliubov approximation has been made in
a numerical way [32], where the condensate is shown to be
destroyed for sufficiently large disorder and a BG phase
may be reached. In this paper, we also push the Bogoli-
ubov approximation to its strong-disorder limit, but by
investigating the coherent fraction analytically, with the
hope to obtain some qualitative results representative of
such a disorder-driven SF-BG phase transition in weakly-
interacting regime. Further improvement may need to
take into account all the discarded higher-order terms in
Hamiltonian (4), in which case the validity of the Bogoli-
ubov approximation could be investigated rigorously.
III. DISORDER EFFECT ON COHERENT
FRACTION
By treating Eqs. (17), (18) and (19) as a set of equa-
tions, the dependence of the coherent fraction n0/n on
disorder strength ∆/t for different interaction strengths
U/t can be determined rigorously via implicit function
technique. The main results in 2D (d = 2) are shown in
4Fig. 1. From the picture we see that, in the absence of
disorder, n0/n is less than unity because mutual interac-
tion will scatter the particles out of the coherent state.
The scattering effect is getting more intense for stronger
interaction strength, i.e. the coherent fraction is smaller
for larger U/t. When disorder is introduced and keeps at
small values, there is only a very slight decrease in n0/n,
which implies that weak disorder hardly affects the co-
herent fraction.
In the intermediate disorder region, Fig. 1 exhibits
a crossing behavior for different values of interaction
strength U/t. This phenomenon can be explained by
that the system becomes more robust to the addition of
disorder with the increase of U/t, i.e. larger disorder is
required to deplete the same amount of coherent frac-
tion. This decreased sensitivity of n0/n to disorder with
increasing interaction can be regarded as a criterion for
superfluidity [32], so the systems remains in SF phase
within this disorder range. Note that this insensitivity
phenomenon happens in the region with small coherent
depletion (less than 50% ), where the Bogoliubov ap-
proximation is valid. Such a crossing behavior can also
be found in disordered systems without lattice potential
[25].
FIG. 1: (Color online) Coherent fraction n0/n versus disorder
strength ∆/t for different interaction strengths U/t in 2D.
Dashed lines show the linear fits for fast decreasing parts of
the curves, and are used to determine the transition points.
For strong disorder, n0/n goes down at a relatively
high speed. When disorder becomes sufficiently large,
the decreasing of n0/n dramatically slows down, leading
to the long tail structures shown in Fig. 1. As coher-
ent depletion (with k 6= 0) becomes large, the third and
fourth order terms discarded in Hamiltonian (4) will play
a more and more important role. Thus the Bogoliubov
approximation becomes worse and our calculations in the
strong-disorder regime can not be considered as quanti-
tative. Nevertheless, the graphs in Fig. 1 may allow us
to give a qualitative investigation. As displayed in the
figure, n0/n approaches to zero for large enough ∆/t,
which corresponds to the loss of global phase coherence
over the whole system. Thus we assume that this thresh-
old behavior in disorder strength can be associated with
the entrance into BG phase from SF phase. To approx-
imately estimate the corresponding critical points ∆c/t
for different values of U/t, we look for the intersection
points of the dashed lines and the asymptotes of the long
tails of the curves (which are the horizontal axis) in Fig.
1. Such a procedure † leads to the phase diagram shown
in Fig. 2, which agrees with the empirical square-root law
∆/t ∝
√
U/t [19, 21], and the coefficient is estimated to
be 8 in our result.
BG
SF
FIG. 2: (Color online) Zero temperature phase diagram of
BG-SF phase transition in ∆/t-U/t plane obtained analyti-
cally by the use of Bogoliubov theory in the weakly interacting
regime of 2D disordered BHM.
IV. LINK THEORY TO EXPERIMENT
Thanks to the time-of-flight technique, the dependence
of coherent depletion on optical lattice depth can be di-
rectly measured in experiments [14, 37, 50]. Meanwhile,
it has been reported recently that Meldgin et al. have
successfully probed the SF-BG transition of 3D disor-
dered BHM [15] and the corresponding disorder strength
− lattice depth phase diagram has been obtained. In the
following, we express our results in terms of experimen-
tal parameters to make a comparison with the present
experimental data.
As is known, under a single-band tight binding ap-
proximation, the Bose-Hubbard Hamiltonian (1) can
be derived from a disordered many-body Hamiltonian
[16]. Exact numerical results for the on-site interaction
strength can be accurately fitted by [4]
U
ER
=
8
π
(
π
4
~ω⊥
ER
) 3−d
2
[
u
(
V0
ER
)] d
3 as
a
, (20)
where u (x) =
∑6
i=0 pix
i is a polynomial function with
the coefficients p0 = 8/27, p1 = 0.554092, p2 =
0.0801432, p3 = −8.94513 × 10−3, p4 = 4.55577 ×
† Remarkably, while applying such a process to the experimental
data measured in 3D disordered optical lattice system [14], one
can find that the obtained critical point (∆/ER = 3 also cor-
responds to s ≃ 12) ) agrees quite well with that gotten from
quantum Monte Carlo simulation [18]
510−4, p5 = −1.12896× 10−5, p6 = 1.09512× 10−7. The
expression of hopping amplitude takes the form [4]
t
ER
=q1
(
V0
ER
)q2
exp
[
−q3
(
V0
ER
)q4]
+
2
π2
exp
[
−q5
(
V0
ER
)q6]
(21)
with q1 = 0.116828, q2 = 1.16938, q3 = 1.11717, q4 =
0.63, q5 = 0.369658, q6 = 1.01448. Here, V0 repre-
sents the optical lattice depth in horizontal plane and
a = λ/2 is the lattice constant with λ being the wave-
length of the laser. ω⊥ is the confinement frequency in
third dimension. as is the s-wave scattering length and
ER = 2~
2π2/mλ2 is the recoil energy.
Combining the particle density expressions Eqs. (17),
(18), and (19) with Eqs. (20), (21), in Fig. 3 we show the
relationship between coherent fraction n0/n and optical
lattice depth V0/ER for different disorder strength ∆exp
in 3D. Here ∆exp = ∆/
√
3 is the standard derivation of
the distribution of site occupation energies which is com-
monly adopted in experiments. From this figure we see
that although coherent fraction always remains at some
finite value for weak disorder strength (where the on-site
interaction is still dominant), it will approach to zero
when the strength of disorder is strong enough, which
qualitatively agrees with previous experimental observa-
tions in 3D disordered optical lattice systems [14].
FIG. 3: (Color online) Coherent fraction n0/n versus op-
tical lattice strength V0/ER for different disorder strength
∆exp/ER in 3D. Dashed lines show the linear fits used to de-
termine the transition points.
Along the same avenue of obtaining Fig. 2, based on
the result shown in Fig. 3, the ∆exp/ER − V0/ER phase
diagram of SF-BG phase transition for the 3D system can
be given, as shown in Fig. 4. Surprisingly, a very good
agreement can be observed while comparing our theoret-
ical prediction with the last experimental and numeri-
cal results. The red squares come from quantum Monte
Carlo simulations and the black dots are obtained from
the measurements of excitations produced by quantum
quenches of disorder, where a threshold behavior in the
disorder strength is associated with the phase transition
[15]. Although this quantitative accordance might be a
coincidence, we argue that Bogoliubov theory at least has
the ability to correctly capture the qualitative feature of
SF-BG phase transition in weakly interacting regime.
SF
BG
FIG. 4: (Color online) Zero temperature phase diagram of
BG-SF obtained by Bogoliubov theory (Blue line) in the
weakly interacting regime of 3D disordered BHM in terms of
experimental parameters. The black dots and red squares are
the mostly recent experimental results and quantum Monte
Carlo simulations respectively [15].
Nowadays, probing the SF-BG phase transition in 2D
optical lattices has not been realized yet. Thus it would
be helpful to find out the dependence of coherent fraction
on lattice depth for different disorder strengths as well as
the corresponding phase diagram in disorder − lattice
depth plane for 2D systems.
To plot the figure, we take the experimental parame-
ters of a 2D optical lattice systems from Ref. [51], where
a Bose gas of 133Cs atoms is loaded and λ = 1064nm,
ω⊥ = 1970 · 2πHz, as = 200aB (aB being the Bohr ra-
dius). In this case, combining Eqs. (17), (18), and (19)
with Eqs. (20), (21), we get the relationship between co-
herent fraction n0/n and optical lattice depth V0/ER in
2D case in Fig. 5 , which turns out to be in qualitative
agreement with that in 3D. Along the similar way, the
∆/ER−V0/ER phase diagram of SF-BG phase transition
for the 2D system is also determined in Fig. 6. We find
that the critical disorder strength ∆c/ER decreases with
the increase of lattice depth V0/ER, which is in accor-
dance with the experiment observations in 3D case [15].
Our results are expected to serve as a reference object for
further studies of 2D disordered Bose systems in optical
lattices.
6FIG. 5: (Color online) Coherent fraction n0/n versus optical
lattice strength V0/ER for different disorder strength ∆/ER.
Dashed lines show the linear fits used to determine the tran-
sition points.
BG
SF
FIG. 6: (Color online) Zero temperature phase diagram of
BG-SF obtained by Bogoliubov theory in the weakly interact-
ing regime of 2D disordered BHM in terms of experimental
parameters.
V. SUMMERY
In this paper we have shown that Bogoliubov theory
turns out to be a simple yet effective approach in study-
ing dilute weakly interacting Bose gases in 2D optical
lattices with spatially uncorrelated disorder. Under the
Bogoliubov approximation, we have obtained the ana-
lytic expression of particle density in disordered lattice
systems. When setting disorder strength to be zero, our
result exactly goes back to the former calculation gotten
in the clean case [38]. By analyzing the implicit expres-
sions of coherent fraction n0/n, we have obtained the
relationships between n0/n and disorder strength as well
as lattice depth. In weak disorder regime, Bogoliubov
theory correctly capture the disorder effect on n0/n, i.e.
weak disorder hardly depletes the coherent fraction and
the sensitivity of n0/n to disorder decreases as the inter-
action strength U/t grows.
At large values of disorder, a qualitative picture of
the SF-BG phase transition of weakly-interacting Bose
gases has been given. The coherent fraction will approach
to zero for sufficiently large disorder strength (although
Bogoliubov approximation breaks down in this regime),
which implies the loss of long-range phase correlation and
is associated with the SF-BG phase transition. The zero
temperature phase boundary of SF-BG is obtained. Our
result turns out to be in agreement with the empirical
square-root law [19, 21], and could be examined experi-
mentally in the near future.
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